ON THE BRODY HYPERBOLICITY OF MODULI SPACES 
FOR CANONIC ALLY POLARIZED MANIFOLDS 



ECKART VIEHWEG AND KANG ZUO* 

Given a polynomial h let Aih be the moduli functor of canonically polarized 
complex manifolds with Hilbert polynomial h. By jHT] there exists a coarse 
quasi-projective moduli scheme Mh for Aih, but in general Mh will not carry 
a universal family. Except for curves, there are no natural level structures 
known, which can be added to enforce the existence of fine moduli schemes. 
However, C. S. Seshadri and J. Kollar constructed finite coverings Z — ► Mh 
which are induced by a "universal family" in Aih{Z) (see 9.25). Moreover, 
if a general element in A^/ l (Spec(C)) has no non-trivial automorphism, then 
there exists an open subscheme C Mh which carries a universal family. 
It is the aim of this article to show that both, the coverings Z and the open 
subscheme M° are Brody hyperbolic. More general we will show that the 
moduli stack Aih is Brody hyperbolic, in the following sense. 

Theorem 0.1. Assume that for some quasi-projective variety U there exists 
a family f : V — ► U G A4h(U) for which the induced morphism ip : U — > Mh 
is quasi-finite over its image. Then U is Brody hyperbolic; i.e. there are no 
non-constant holomorphic maps 7 : C — ► U. 

Assume that the variety U in 10.11 is an open subvariety of a projective r- 
dimensional manifold Y with B — Y\U a normal crossing divisor. We conjec- 
ture that the quasi-finiteness of ip implies that f2y(log-B) is weakly positive over 
some open dense subset of U (see definition 13. 1ft and that nifLyilogB)) = r. 
|3*3] gives an affirmative answer if for all the fibres of V — > U the local Torelli 
theorem holds true, and theorem ID. II adds some more evidence. 

An algebraic version of lU.H saying that for abelian varieties A or for A = C* 
all algebraic morphisms 7 : A —>■ U have to be constant, has been shown by S. 
Kovacs in [T7j and [T3] (see also [2H])- 

The non-existence of abelian subvarieties of moduli stacks presumably can 
also be deduced from the bounds for the degree of curves in moduli spaces (0, 
|3"2"j and ^H]) by following the arguments used to prove theorem 2.1 in 

Our arguments do not imply that the variety U in 10. II is hyperbolic in the 
sense of Kobayashi, except of course if U is a compact manifold and hence 
the Brody hyperbolicity equivalent to the Kobayashi hyperbolicity. We will 
not speculate about possible diophantine properties of moduli schemes which 
conjecturally are related to hyperbolicity (see [TH]). 



This work has been supported by the "DFG-Forschergruppe Arithmctik und Geometrie" 
and the "DFG-Schwerpunktprogramm Globale Methoden in der Komplexen Geometrie" . 

* Supported by a "Heisenberg-Stipendium" , DFG, and partially by a grant from the 
Research Grants Council of the Hong Kong Special Administrative Region, China (Project 
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A question similar to 10. II can be asked for moduli of polarized manifolds, i.e. 
for the moduli functor of pairs (/ : V — > U, Ti.) where / is a smooth projective 
morphism with up semi- ample for all fibres F of /, and where TC is fibrewise 
ample with Hilbert polynomial h. Hence Vh(U) is the set of such pairs, up 
to isomorphisms and up to fibrewise numerically equivalence for 7i. By |31j . 
section 7.6, there exists a coarse quasi-projective moduli scheme Ph for 7\. 

In [22] we have shown that for U an elliptic curve, or for U = C* there are no 
non-isotrivial smooth families V — > U, with uy/u relative semi-ample. Being 
optimistic one could ask: 

Question 0.2. Does the existence of some (/ : V — > U, Ti) G Vh{U) for which 
the induced morphism ip : U — > Ph is quasi-finite over its image, imply that U 
is Brody hyperbolic? 

The methods used in this paper give an affirmative answer to l(J. 21 only un- 
der the additional assumption that for some v > and for all fibres F of / 
the ^-canonical map F — > F(H°(F,u F )) is smooth over its image. Except if 
u F = Of, this additional assumption is by far too much to ask for, and we do 
not consider this case in our article. 

An outline of the content of this paper and a guideline to the proof of 10.11 
will be given at the end of the first section. 

Luen Fai Tarn and Ngaiming Mok introduced us to some of the analytic 
methods used in this paper, and Luen Fai Tarn checked a preliminary version 
of section 7. We are grateful to both of them for their interest and help. 

1. A REFORMULATION 

Theorem 10.11 follows immediately from the next Propositions. In fact, if 
there is a holomorphic map 7 : C — > U, we can replace U by the Zariski 
closure of 7(C), and the Proposition tells us that the Zariski closure must be 
a point and hence 7 constant. 

Proposition 1.1. Assume that for some f : V — > U G Aih{U) the induced 
map (p : U — » Mh satisfies 

dimC/ = dim <£>([/) > 0. 
Then there exists no holomorphic map 7 : C — > U with Zariski dense image. 

The proposition 11.11 is formulated in such a way that, given a proper bira- 
tional morphism U' — > U, the assumptions allow to replace / : V — > U by the 
fibre product f':V = VXuU'—* U' . We will call such a pullback family /' 
a smooth birational model for /. 

By the next lemma the conclusion in 11.11 is compatible with replacing / by 
any smooth birational model. 

Lemma 1.2. Let r : U' — > U be a projective birational morphism between 
quasi-projective varieties. Then a holomorphic map 7 : C — > U with Zariski 
dense image lifts to a holomorphic map 7' : C — > U' . 
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Proof. Let Uq C U be an open set with t\ t -i(jj ) an isomorphism. 7(C) meets 
Uq, hence 7' exists on the complement of a discrete subset AcC. Let A be a 
small disk in C, centered at a e A. The projective morphism r factors through 
Z7' — > Z7 x P M for some M and the composite pr2 o 7'! a* : A* — > P M is given 
by meromorphic functions. Obviously it extends to a holomorphic map on A, 
and the image of the induced map A — > U x F M lies in U'. □ 

Using 11.21 we will assume in the sequel that the quasi-projective variety U 
in II .11 is non-singular. 

For the proof of ll.ll we first gather and generalize some methods of algebraic 
nature, in particular the weak semi-stable reduction theorem of D. Abramovich 
and K. Karu (see [2|) and the positivity results for direct images of certain 
sheaves (see [T2|, [Ej, [2E] and |2H|)- In section 4 both will be applied to 
certain product families, and the main result l4~T1 of this section is quite similar 
to the one obtained by D. Abramovich in pQ. It will allow to replace the family 
/ : V — > U by a smooth birational model of the r-fold product f r :V r ^U 
and to assume the stronger positivity properties stated in 14 .31 and 14. 41 Whereas 
the results of section 2 hold true for arbitrary smooth projective morphisms, 
those of section 3 and 4 use the semi- amp leness of up for all fibres F of /. 

Starting with section 5 we assume that contrary to 11.11 or 14.41 there exists 
a holomorphic map 7 : C — ► U with dense image. In order to use covering 
constructions, as we did in [32J for dim({7) = 1, we will choose a hyperplane 
H on V whose discriminant locus over U is in general position with respect to 
7(C). At this point the amp leness of top will be needed. 

In section 6 we will use the cyclic covering, obtained by taking a root out 
of H to compare and to study certain Higgs bundles and their pullback to 
C. The main properties are gathered in 16.51 Finally section 7 contains some 
curvature estimates, which show that the existence of 7, encoded in lemma 
16.51 contradicts the Ahlfors-Schwarz lemma. The content of this section is 
influenced by the work of J. -P. Demailly S.S.-Y. Lu and S.-T. Yau [22], 
S.S.-Y. Lu [21] and Y.-T. Siu [23 on hyperbolicity. 

2. Mild reduction 

Let / : X — > Y be a morphism between projective manifolds with connected 
general fibre. D. Abramovich and K. Karu constructed in [2] a generically finite 
proper morphism Y' — » Y and a proper birational map Z' — > (X x Y Y')~ such 
that the induced morphism g' : Z' —>■ Y' is weakly semi-stable. Here ~ denotes 
the main component, i.e. the component dominant over X, We will not recall 
the definition of weak semi-stability, but just list the main properties needed 
later. 

Definition 2.1. A morphism g' : Z' — > Y' between projective varieties is 
called mild, if 

a) g' is flat, Gorenstein with reduced fibres. 

b) Y' is non-singular and Z' normal with at most rational singularities. 



4 



ECKART VIEHWEG AND KANG ZUO 



c) Given a dominant morphism Y[ — > Y' where Y[ has at most rational 
Gorenstein singularities, Z' x Y , Y[ is normal with at most rational 
singularities. 

d) Let Yq be an open subvariety of Y', with g'^iY^) — > Y ' smooth. Given 
a non-singular curve C and a morphism 7r : C — > Y' whose image 
meets Yq, the fibred product Z' x Y , C is normal, Gorenstein with at 
most rational singularities. 

In j2] the definition of a mild morphism just uses the first three conditions, 
and by [3], 6.1 and 6.2, those hold true for weakly semi-stable morphisms. 
As pointed out by K. Karu in [TI], proof of 2.12, the proof of the property 
c) carries over "word by word" to show d). Hence d) holds true for weakly 
semi-stable morphisms as well. 

Hence starting with f : X —*Y, over some Y', generically finite over Y, one 
can find a mild model of the pullback family, i.e. a mild morphism g' : Z' —* Y' 
birational to X x Y Y' — > Y' . However it might happen that one has to blow 
up the general fibre, and the smooth locus of g' will not be the pullback 
of the smooth locus of /. Nevertheless, the existence of g' will have strong 
consequences for direct images of powers of dualizing sheaves. 

Lemma 2.2. Let g 1 \ Z' Y' be mild. 

i) If Y" — > Y' is a dominant morphism between manifolds, then 

pr 2 : Z' x Y > Y" — > Y" is mild. 

ii) Let g" : Z" — > Y' be a second mild morphism. Then 

(g',g") ■ Z' x Y i Z" — ► Y' is mild. 

iii) For all v > 1 the sheaf g'*uj z , , Y , is reflexive. 

Proof, i) The property a) in 11.21 is compatible with base change and in c) one 
enforces the compatibility of b) with base change, as well, 
ii) Since Z" has rational Gorenstein singularities, the property c) for Z' im- 
plies that Z' x Y , Z" has at most rational Gorenstein singularities. The other 
properties asked for in a) and b) are obvious. For c), remark that Z" Xy/ Y{ 
is normal with rational Gorenstein singularities and hence 

(Z" Xy Y{) Xy, Z' = (Z" Xy, Z') Xy, Y[ 

has the same property. The same argument with Y Q ' replaced by C gives d). 

The sheaf g'^oj^, , Y , is torsion free, hence locally free outside of a closed 
codimension two subvariety T of Y' . Since Z' is normal and equidimensional 
over Y', for Uq C Y' open and for Vq = g' l {Uo) one has 

H°{V ,u» z , /Y ,) =H°(y Q \g'-\T),u v zt/Y ,), 

and thereby 

H Q (U ,g , m u v zl/Y ,)=H Q {U \T,g f m u v zl/Y> ). 
So g'*0J v z ,i Y i coincides with the maximal extension of g'^ z , / y ,\y'\t to Y' . □ 

Let V — > U be any smooth projective morphism between quasi-projective 
manifolds. We choose for Y and X projective non-singular compactifications, 
with Y \ U and X \ V normal crossing divisors, in such a way that V — > U 
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extends to a morphism / : X — > Y. If g : Z' — > Y' denotes the weak semi- 
stable reduction, we choose a birational morphism e : Y± — *■ Y such that the 
main component Y{ = (Y' Xy Y\)~ is finite over Y\. Let A(Y(/Yi) denote the 
discriminant locus in Y\ of Y[ — > Y\, and let B\ = Y\ \ e~ 1 (U) be the boundary 
divisor. Blowing up a bit more we can assume that Y± is non-singular, and 
that A(Y[/Yi) + B\ is a normal crossing divisor. 

By Y. Kawamata's covering construction (see [3Tj, 2.6) there exists a non- 
singular projective manifold Y^', finite over Y[. In particular, there is a mor- 
phism Y 2 ' ~~ * an d bv 12.21 a) the pullback of Z' — > Y' is again mild. 

Let us choose a desingularization ip : X x — * X x Y Yy, such that 

(pr 2 o,p)*(B 1 + A(Y(/Y 1 )) 

is a normal crossing divisor. 

Changing the smooth birational model we may replace U by its pre-image 
in Y\ and by abuse of notations rename pr 2 o ip : X\ — > Y\ as / : X — > Y. 
We will also write Y' instead of Y 2 ' and Z' instead of Z Xy> Y 2 '. Doing so we 
reached the following situation: 

Lemma 2.3. Any smooth projective morphism with connected fibres has a 
smooth birational model V — > U which fits into a diagram of morphisms of 
normal varieties 

V — X ^— X' ^— z X" Z' 

(2.3.1) 

U — Y Y' «-=— Y' «-=— Y' — =-> Y' 

i) Y ; Y' ; X, Z and X" are non-singular projective varieties. 

ii) r is finite and X' is the normalization of X XyY'. 

iii) p and 5 are birational, and a is a blowing up with center in the singular 
locus of X' . 

iv) For B = Y\U the divisors B + A(Y'/Y) and f*(B + A(Y'/Y)) are 
normal crossing divisors. 

v) g' : Z' — > Y' is mild. 

Corollary 2.4. The conditions i) - v) stated in \2. OA imply: 

vi) X' has rational singularities. 

vii) For all v > 1 there exist isomorphisms 

9» ujl Z'/Y' * f* ujV X"/Y' < g^Z/Y'- 

In particular, g*ou z , Y , is a reflexive sheaf. 

viii) For all v > 1 £/iere exists an inclusion 

l : g#UJ z /Y' * r J^X/Yi 

which is an isomorphism over U . 
ix) For all v > 1 there exists some N u and an invertible sheaf \ u on Y 
with 

t*\ v ~ det(o,^ /y ,)^. 
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In part ix) the determinant of g^u z ,y, is dL.et{g*u z ,y,\Y\T) where T is any 
codimension two subvariety with g*ou z , Y ,\Y\T locally free and i : Y \ T — > Y 
the inclusion. 

Proof. Since A(X'/X) C f*A(Y'/Y) are both normal crossing divisors one 
obtains vi). 

Z' is normal with rational Gorenstein singularities, hence 8*Uz>/y' C 0Jx"/y' 
and uf Z i iy, = 8 # 5*uJ zl iyi C 5*o;^-„/y,. The sheaf on the left hand side is invert- 
ible, and the one on the right hand side torsionfree, and both coincide outside 
of a codimension two subvariety. Hence they are equal and one obtains the 
first isomorphism in vii). For the second one, one repeats the argument for p 
instead of 8. By 12.21 iii), all the three sheaves in vii) are reflexive. Part viii) 
has been shown in [28J, 3.2 (see also |21], 4.10). 

Let B v denote the zero divisor of det(t), hence 

det(g*u z/Y ,) ® O y >{B v ) = r* det{f^ x/Y ). 

In order to show that B v is the pullback of a Q-divisor on Y, we have to show, 
that the multiplicities of two components of B v coincide, whenever both have 
the same image in Y. To this aim, given any component B of Y \ U consider 
a general curve C, which intersects B in some point q. Replacing C by a 
neighborhood of q we will assume that this is the only intersection point. 

Let us write Tq = T x Y C, where T stands for any of the varieties in the 
diagram (|2.3.1|) . Similarly, if h : T — > T' is any of the morphism in the diagram 
(|2.3.ip . he will denote the restriction of h to Tq. 

Bv 12. 1\ d), the variety Z' c is again normal, Gorenstein with at most rational 
singularities, and for C sufficiently general Xq and X^> will be non-singular. 
Applying part viii) with Y replaced by C, one obtains a natural inclusion 

(2-4.1) l c : 9' c y Z ' c lY' c r*cUc^x c /c), 

and the zero divisor of det(tc) is the restriction of B v to Y' c . In order to show 
ix), we just have to verify that B v is the pullback of a Q-divisor on C. 

By jT3] there exists a finite morphism C — > C, totally ramified in q, such 
that Xc Xc C has a semi-stable model S — > C 

Bv 12.11 d), the pullback of Z' c to some non-singular covering of C remains 
normal with rational Gorenstein singularities. By flat base change (|2.4.1j) is 
compatible with further pullbacks. Hence we may as well assume for a moment 
that Yq — > C factors through C Then 

wi ■ s' = s xc y'c — ► y'c and 9c :Z 'c — > Y c 

are two flat Gorenstein morphism, 5" and Z' c are birational, and both are 
normal with at most rational singularities. Therefore, repeating the argument 
used to prove vii), one obtains 

9c* ul Z' c /Y£, — Wl^S'/Y^i 

and the divisor B U \ Y ^ is the pullback of a divisor n on C . Since C — » C 
is totally ramified in q, the divisor n is itself the pullback of a Q-divisor on 
C. D 
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3. POSITIVITY OF DIRECT IMAGE SHEAVES 

As in j2Hj and [2H] we use the following convention: If T is a coherent sheaf 
on a quasi-projective normal variety Y, we consider the largest open subscheme 
i : Yi — > Y with i*T locally free. For 

I- 1 

$ = S», $ = (g) or $ = det 

we define 

Definition 3.1. Let T be a torsion free coherent sheaf on a quasi-projective 
normal variety Y and let 7i be an ample invertible sheaf. Let U C Y be an 
open subvariety. 

a) JF is globally generated over U if the natural morphism 

H\Y,F)®O y — > T 

is surjective over U. 

b) JF is weakly positive over U if the restriction of T to Z7 is locally free 
and if for all a > there exists some /3 > such that 

is globally generated over U. 

c) T is ample with respect to U if there exists some fi > such that 

is weakly positive over C/. 

The basic properties of weakly positive sheaves are listed in jHI], section 2.3. 
In particular, the definition of "weak positivity over U" does not depend on 
the ample sheaf TC (|31j. 2.14) and, if T is weakly positive over U and T — > Q 
surjective over U, then Q is weakly positive over U {^^, 2.16). Moreover, weak 
positivity is a local property. If for each point u G U there is a neighborhood 
Uq with T weakly positive over U , then T is weakly positive over U. 

By definition, most of the properties of weakly positive sheaves T carry over 
to sheaves which are ample over U. 

Lemma 3.2. Let 7i be an ample invertible sheaf on Y . Then T is ample with 
respect to U , if its restriction to U is locally free and if and only if for some 
f] > there exists a morphism 

surjective over U. 

Proof. If T is ample with respect to U, for all (3 sufficiently large and divisible 

is globally generated over U, as well as its quotient sheaf 

S 2 -^(F)®-H-P. 
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We may assume that HP' 1 is very ample, and we obtain the morphism asked 
for in 13.21 On the other hand, if there is a morphism 

surjective over U, the sheaf S^JF) <g> Ti' 1 as a quotient of a weakly positive 
sheaf is weakly positive over U. □ 

The basic methods to study positivity properties of direct images are con- 
tained in |23, |23, 123 and ED]. Unfortunately in [2E] and [2H] we used "weak 
positivity" without specifying the open set, whereas in [31] we mainly work 
with smooth families or families without non-normal fibres. So we have to 
recall some definitions in this section, and we have to make the arguments 
carefully enough to keep track of the open set U . 

Let / : X — > Y be a surjective projective morphism of quasi-projective 
manifolds. We want to extend the constructions from [32], section 2, to the 
case dim(F) > 1. 

For an effective Q-divisor D G Div(X) the integral part [D] is the largest 
divisor with [D] < D. For an effective divisor V on X, and for N e N — {0} 
the algebraic multiplier sheaf is 



N 



where r : T — > X is any blowing up with f = r,r a normal crossing divisor 
(see for example |5], 7.4, or [3T], section 5.3). 

Let F be a non-singular fibre of /. Using the definition given above for F, 
instead of X, and for a divisor II on F, one defines 

e(II) = Min jiV e N\ {0}; u F |^| = uj f 

By |S] or [21], section 5.4, e(r|^) is upper semi-continuous, and there exists a 
neighborhood V of F with e(r|y) < e(r|_p). If C is an invertible sheaf on F, 
with H°(F,C) ^ 0, 

e(C) = Max{e(II); IT an effective divisor and C?f(IT) = £} . 

Proposition 3.3. Let U C Y be an open subscheme, let C be an invertible 
sheaf, let T be a divisor on X , and let T be a coherent sheaf on Y . Assume 
that, for some N > 0, the following conditions hold true: 

a) V = f^iJJ) — ► U is smooth with connected fibres. 

b) T is weakly positive over U (in particular T\u is locally free). 

c) There exists a morphism f*T — > C N (—T), surjective over V . 

d) None of the fibres F of f : V — > U is contained in T, and for all of 
them 

e(T\ F ) < N. 

Then /*(£ <8> um) is weakly positive over U . 

Proof. By [31], 5.23, the restriction of the sheaf £ = /*(£ ® 0Jx/y) to U is 
locally free. The verification of the weak positivity will be done in several 
steps. Let us first show: 
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Claim 3.4. In order to prove 13.31 we are allowed to assume that T is ample 
with respect to U . 

Proof. Let 7i be a very ample sheaf on Y and let p : Y — > P A/ be an embedding. 
For a general choice of the coordinate planes H , . . . , Hm, the intersection 
f/j H (y \ Z7) is of co dimension two in V. We choose a co dimension two 
subscheme T with T D i?i D (Y \ U), for i = 0, . . . , M. By definition, in order 
to show that /*(£ <8> Wx/y) is weakly positive over [/, we may replace Y by 
y \ T and assume that Hi fl (Y \ U) = 0. Moreover, for T large enough / 
will be flat. By the local nature of weak positivity, it is sufficient to show that 
/*(£ ® Ux/y) is weakly positive over 

M 

[/ = [/\|J#i- 

i=0 

In fact, one can cover [/ by such open sets, for different choices of the coordinate 
planes. 

Given a > we choose d = 1 + 2 ■ a, and consider the d-th power map 

Q . pM _^ pM with ^ ? = (x d . . . , 

Let y be the normalization of 6~ 1 (Y), and let r : Y' — > Y be the induced 
map. For the pullback H' of Opi(l) to Y' one obtains t*H = 7i' d . 

Leaving out codimension two subschemes in Y, not meeting Uq, we may 
assume that Y' is non-singular. Then X' = X x Y Y' is non-singular. In fact, 
/' : X' — > y' is smooth over t _1 ({7) and r' : X' — > X is smooth over 

M 

x\{jr l m. 

i=0 

Let us choose T' = t*T ® 7Y /Ar and C = t'*C (g> f'*H'. The sheaf JF' is ample 
with respect to {7q = t _1 (£/o)- Applying 13. 31 to JF' instead of T one finds 

/:(£' <g> Ux'/Y') = fl(T'*£ <g> W^/yO ® W 

to be weakly positive over C/q. By flat base change, this sheaf is isomorphic to 

r7*(£ ® cj x/y ) ®H' — r*{£) <g> W. 
Hence for all /3 sufficiently large and divisible, the sheaf 
S-(2-«)^( r *(5) g, W ') ^ = T *(S 2 - a -P(£)) <g> n ,{2 ' a+1) ' P = T*(S 2 - a -P(S) <g> VP) 
is globally generated over Uq. We obtain a morphisms 

0CV — * r* {E)® HP), 

surjective over Uq, and 

surjective over Uq. For /3 large enough, T^Oyi ® HP is generated by global 
sections and hence S a '^ 2 '^(S) ® H 2 ' 13 is globally generated over Uq. □ 
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allows to assume that T is ample with respect to U. Then the sheaf 
C N ' v (—r] ■ T) will be globally generated over V, for some rj ^> 0. Replacing N 
by N ■ r] and r by r\ ■ T we may as well assume that C N (— T) itself has this 
property. From now on, this assumption will replace the conditions b) and c) 
inIO 

Leaving out a codimension two subset of Y, not meeting U, we will continue 
to assume that / is flat. Let us fix some non-singular compactification Y of Y 
and a very ample invertible sheaf A on Y such that A dimY+1 g) uj y is ample. 
We write A = A\ Y and H = A dimY+1 ®u Y - 

Claim 3.5. £ <8> A dimY+1 ® toy is globally generated over U. 

Proof. Let us choose a compactification X of X such that / extends to a 
morphism / : X — > Y . Moreover we choose L and f such that £ N (— F) is 
again globally generated over V. Let r : X' — > X be a blowing up, such that 
r*f = T' is a normal crossing divisor and let f = /or. The assumption d) in 
implies that 

r" 



= T*£®e^ - 



N 



is an isomorphism over U. Hence it is sufficient to show that 

is globally generated over U. Blowing up a bit more, and enlarging T' by 
adding components supported in X' \ r^iV), we can as well assume that 
t*(C) n ® Ox'{—T') is globally generated over X'. Under this assumption IH.5I 
has been shown in [3T] . 2.37, 2). □ 

To finish the proof, we consider for any a > the a-fold product 
X a = X Xy . . . Xy X (a-times) 
and f a :X a ^ Y. Let a : X( a ) -> X a be a desingularization, = f a oa, 

a a 

£(«) = (7*((g)pr*£) and = a*(^pr*r). 

i=l i=l 

/(°) . x( Q ) -> y, satisfies again the assumption a) in 13.31 Moreover 
we assumed C N (— T) to be globally generated over V, hence (— T^) is 
globally generated over V r = V Xjj ■ ■ ■ XjjV. The assumption d) holds true 
for by: 

Claim 3.6. e(T^\ F r) = e(T\ F ) 

Proof. The proof, similar to the one of 5.21 in j^I], is by induction on r. 
Obviously e(rw) > e = e(r). Let C be the support of the cokernel of the 
inclusion 



_r(°o 



Wff < > > UJpr. 

e 



Applying jM], 5.19, to the z-th projection pr^ : F r F, one finds subschemes 
Ci of F with C = prl l {Ci). Since this holds true for i — 1, . . . , r, C must be 
empty. □ 
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ByEHlthe sheaf fi a \C^ 

®uj X ( a ) /y)®1~L i s globally generated over U . Hence 
13.31 follows from the next claim. 

Claim 3.7. There exists a morphism 

fi a \C^ ® u xW/Y ) — S a (UC <g> u) X /y)), 
surjective over U. 

Proof. The natural morphism a*cu X ( a ) —>■ u X a induces a morphism 

a 

i=i 

which is an isomorphism over U. By flat base change, the right hand side is 
nothing but 

a 

□ 

Corollary 3.8. Let f : X — > Y be a projective surjective morphism between 
quasi-projective manifolds with connected general fibre. Assume that for some 
open subscheme U C Y 

v = r\u)—+u 

is smooth and that ujf u is semi-ample for all fibres F u = f~ l {u) with u 6 U . 
Then f*^ u x / Y is weakly positive over U. 

Proof. Using 1331 (with T\y = 0), one can copy the arguments presented in the 
proof of Corollary 2.45 in [3T] to obtain as a corollary to 13.31 We leave this 
as an exercise since 13.81 has been shown under less restrictive assumptions in 
[30J, 3.7, using different (and more complicated) arguments. □ 

Remark 3.9. By [19j the assumption ll ujp u is semi-ample for all fibres F u 
with u G U" is equivalent to the /-semi-ampleness of toy/u- Hence for all v 
sufficiently large and divisible, the natural morphism 

f*f* UJ X/Y y ^X/Y 

is surjective over V. In particular 13 . 81 implies that uj x / y is weakly positive over 
V. 

Let us end this section by stating a stronger positivity result. Although it 
holds true by ^3] for arbitrary families of manifolds of general type, we will 
just formulate it for families with a semi-ample canonical sheaf. Recall that in 
|28j . for a projective surjective morphism / : X — > Y with connected general 
fibre, we defined Var(/) to be the smallest integer rj for which there exists 
a finitely generated subfield K of C(Y) of transcendence degree rj over C, a 
variety F' defined over K, and a birational equivalence 

X x Y Spec(C(r)) ~ F' Xspec(K) Spec(C(Y)). 

Theorem 3.10. Under the assumptions made in I.V.<V| for all v sufficiently 
large and divisible 

«(det(/^ /y )) = Var(/). 
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Proof. This has been shown in p9j if the general fibres of / are of general type, 
and in ["["""J in general (see also [H] or "2Q]). □ 

Remark 3.11. Let / : V — > U be the morphism considered in 11.11 Since 
ujf is ample on the fibres of / we can replace the variety F' in the definition 
of Var(/) by its image under a multicanonical map, hence assume that it is 
also canonically polarized. One obtains a morphism ip' : Spec (if) — > Mh and 
K must contain the function field of <p(U) red . In particular the assumption 
dim(</?([/)) = dim({7) implies that Var(/) = dim(C/). 

4. Products of families of canonically polarized manifolds 

Let again / : X — > Y be a surjective projective morphism between quasi- 
projective manifolds with connected fibres and let U C Y be a non-empty open 
subvariety such that 

f:V= f-\U) — + C/ 

is smooth, and such that ujy/u is /-semi-ample. 

In [3*2] . 2.7, we have shown that for curves F, the ampleness of det(/*u;^yy) 
implies the ampleness of f*0J X /Yi ^ or ^ — ^- m El> 6.22, one finds a similar 
statement over U. In order to extend the latter to Y, one would like to control 
the "non-local free locus" of f*0J x , Y . This could be done by using natural 
compactifications of moduli spaces, but those only exist for curves, for surfaces 
of general type, or by [H] under strong assumptions on the existence of minimal 
models. 

Fortunately, the mild reduction of D. Abramovich and K. Karu can serve as 
a substitute, using in particular the reflexivity of the sheaves in 12.41 vii). 

We will assume in the sequel, that dim({7) = Var(/), and that V —* U 
fits into the diagram considered in 12.31 Since Y' is finite over Y one finds 
Var(g) = Var(/) = dim(F'), and 13.101 implies that det(g*u;|yy,) is big for all v 
sufficiently large and divisible. We choose such v > 3, and we will assume in 
addition that 

J U^v/u — * u v/u 
and the multiplication morphisms 

S^(f*^v/u) * f* u vju 
are surjective, for all j3. Define 

e = Max{e(c4); F a fibre of V -> U}. 
By 12.41 ix), there is an invertible sheaf \ u on Y and some N u e N with 

r*X u = det(g*u" z/YI ) N ». 

Writing B = Y \ U for the boundary divisor, let us fix an ample invertible 
sheaf A, such that A(—B) is ample. Since 

k(\ v ) = K,(det(g*LUz/ Y i)) = dim(F), 

there exists some r\ > and some effective divisor D, with AJJ = A(D). Re- 
placing N u by some multiple we can assume 

det(g^ z/Y ,) N » =r*A(Dy<»- l > e . 
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Define r = rank(/*u;^,y) and r = N u ■ r . 

Proposition 4.1. Let X^ r ' denote a desingularization of the r-th fibre product 
X Xy . . . Xy X and let : X^ — > Y be the induced morphism. Then for all 
(3 sufficiently large and divisible the sheaf 

fi r \co% /Y ) ® A-W"- 2 > ® Oy{-(3 ■ v ■ [y - 1) ■ D) 
is globally generated over U and 

wjw/y ® ® Oy(-/3 • v ■ {y - 1) • D)) 

is globally generated over V r = f^~ l (U). 

Proof. We use again the notations from l2.3l Bv l2.2l ii), mildness of a morphism 
is compatible with fibre products, hence 

g' r : Z' r = Z' x Y , ... x Y , Z'^Y' 

is again mild. 

For the normalization X'^ r ' of X^ XyY' we choose a desingularization Z^ r \ 
with centers in the singular locus of X'^'\ and a non-singular blowing up X"^ r ' 
which dominates both, Z^ and Z' T . We obtain again a diagram 

V r X (r) x ,(r) ^ z (r) ^(r) ^ 



/ (r) 



f „(r) 



u — y y y y — y 

which satisfies the assumptions made in 12. HI One finds for all integers \l > 

r 

(4.1.1) 9'l^Z'r /YI = (^g'^vjy,- 

In fact, by flat base change and by the projection formula, both sheaves co- 
incide over the largest subvariety of Y', where g'^z'/Y' ls l° ca Uy f ree - By 
definition, the right hand side of ()4.1.1|) is the reflexive hull of the tensor prod- 
uct on this subscheme, and by 12.2) iii) the left hand side is reflexive, hence 
both are equal. Corollary 12.41 implies: 

Claim 4.2. 

a) g^uj^ zir) j Y , is reflexive and there is an isomorphism 

r 

b) There is an inclusion 

flW^ > T * f (r) I* 

y* ^z^/y' J* w xw/y 

which is an isomorphism over U' . 

Proof, b) and the first part of a) is nothing but 12.41 viii) and vii). For the 
second part of a), 12.41 vh) allows to replace the left hand side by g'^u^r^n 
the right hand side by <S> r g'^z'/Y'^ anc ^ ^° a PPly Q4. 1.1)1 . □ 
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By construction : — > Y' is smooth over U' = t~ 1 (U) and 

g(rr l (Jjl) =V n ' = V r X V U'. 

Now we play the usual game. For the integer v > 3 chosen above, and for 
r = rank^cu^/y/), there is a natural inclusion 

ro 

(4.2.1) det{g*u z/Y ,) — + (g)(.g^ /y ,) 

which locally splits over the open set Y"/, where (?*u;^ y; is locally free, in 
particular over [/'. By the choice of r one obtains an inclusion 

r 

(4.2.2) i*A{pr<r-*>* — > (g)(^^ /Y = #^ (r)/y „ 

again locally splitting over £/"'. In fact, the splitting inclusions in f)4.2. lj) and 
(|4.2.2j) exist over Y{, and since the sheaves on the right hand sides are reflexive 
they extend to Y' . 

For u = uo z{ r )/Y , and A' = g^*T*A{D) v consider C = uj ® A 1 ' 1 . By fl4"2~2]) 
iO v <g> j\i~( u ~ l )' e nas a section whose zero divisor Y does not contain a whole 
fibre over U', and 

All fibres of V r — > C/ are of the form 

F r = F x • • • x F 

and [31j, 5.21, implies that 

e(T\ F r) < e{u u F r) = e{u v F ) < e. 

So e(y • T|_pr) < v • e and for iV = v ■ e the assumption b) in 13 .31 holds true. By 
corollary 13.81 the sheaf weakly positive over U' . Since 

g {r)* g {r) u v{u-{e-X)-e) y w „. (l ,.(e-l)- e ) = ^{y-V)-* ^ Q^-vT). 

is surjective over V r we can apply I3~3l (for C u ~ l instead of C) and obtain the 
weak positivity of 

g^iC- 1 ®u z{T)/Y .) = g { ;\u z{r)/Y ,)®T*A(D)- u - {u ~ l) 

over U'. Since g^ou^^ , yi is reflexive, one has the multiplication morphism 

VP ■ S p {g^ ) u^ z{r)/Y ,) — * gl r) uj P z " r)/Y ,. 
By S3 a), the left hand side is ^((gT 

g*0J z / Y >) whereas the right hand side 
is (£f 9* u z Jy ' nence the assumption on the surjectivity of the multiplication 
morphism carries over, and y,p is surjective over U' . Since 

gi r) (u; zir)/Y ,)®T*A(D)-»<^ 

is weakly positive over U', for all (3 sufficiently large and divisible 

SP(gi r) (ui z(r)/Y ,) ® r^CD)-"-^- 1 )) ® r*^ 

as well as 
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will be globally generated over U' . By 14.21 b), one has a morphism 

t*O y > ® A Hv - x) — + r*r*(/i r) a;^ r)/y ) ® .Ap)-^"- 1 ) ® 

surjective over [/. Although the sheaf ffu x " r) , Y * s no ^ necessarn y reflexive, 
the finiteness of r allows to apply the projection formula, and to obtain thereby 
a morphism 

nO Y , ® AM"-V — + f?\<4l )/Y ) ® ^•"•("- 2 ) ® CV(-/3 • z/ • (z/ - 1) • D), 

surjective over U. For (3 large enough, the sheaf on the left hand side will be 
generated by global sections, hence for those (3 the sheaf on the right hand 
side is globally generated over U. Since we assumed 

J J* ^XM/Y U X(r)/Y 

to be surjective over V, the same holds true for v replaced by (3 ■ v, and 
u x l )/y ® f(r)* {A -^-2) g, Oxir^-P ■ v ■ [y- 1) - D)) 

is globally generated over V r . □ 

From now on, we will forget the original morphism / and work only with 
the morphism f( r \ To keep notations as simple as possible, we allow ourselves 
to change them again. Doing so, we can restate the results of the sections 2, 3 
and 4 in the following way: 

Corollary 4.3. Let U be a quasi-projective manifold and let f : V — > U be 
a smooth projective surjective morphism with connected fibres, with Var(/) = 
dim(f/) and with up, semi-ample for all fibres F of f . 

Then there exist a proper birational morphism U —>■ U , a projective com- 
pactification Y of U, a projective morphism f : X —>■ Y , an invertible sheaf 
A and an effective divisor D on Y , such that for all v sufficiently large and 
divisible one has: 

a) / : V — f~ l {U) — > U is smooth with connected fibres. 

b) X and Y are projective manifolds, and X\V and B = Y\U are normal 
crossing divisors. 

c) A is ample, and D > B. 

d) f*(u x /Y) ® A(D)~ V is globally generated overU. 

e) u v X iy (g> f*A(D)~ u is globally generated over V. 

Proof. By 12.31 we find a smooth birational model f : V — > U of f : V — > U 
which fits into the diagram in 12.31 We may replace V — > U by V r — > U, and 
apply 14.11 The property a) and b) obviously hold true. Since we assumed 
A{—B) to be ample and u > 3, for the invertible A' = A u ~ 2 {—B) and for the 
divisor 

D' = [v - 1) ■ D + B 
one obtains property c) and bv 14.11 d) and e). □ 

If one starts with any smooth morphism in 11.11 one knows by 13.111 that 
the variation is maximal. 11.21 allows to blow up the base, hence 14.31 allows 
to replace the original morphism by a new one, satisfying the assumptions 
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a) - e). Thereby the proposition 11.11 and hence theorem 10.11 are immediate 
consequences of the next proposition, which will be shown at the end of section 
7. 

Proposition 4.4. Given U, let f : X — > Y be a projective surjective mor- 
phism, satisfying the conditions a) - e) in \4-S\ for some v, A and D. Assume 
moreover that n = dim(F) is even, that r = dim({7) > 1, and that io v F is 
very ample for all fibres F ofV^U. Then there exists no holomorphic map 
7 : C — > U with dense image. 

5. Construction of cyclic coverings 

Starting from a morphism / : X —>■ Y satisfying the assumptions in 14.41 for 
an invertible sheaf A, a divisor D and a natural number v let us consider 

C = u x/Y ®f*A{D)- 1 . 

Blowing up X with centers outside of V we may assume that the global sections 
of L v generate an invertible sheaf 7i. If E denotes the divisor on X with 
7i(E) = C, then E has support in X \ V, hence it is a normal crossing divisor. 

Let us assume there exists a holomorphic map 7 : C — ► U with dense image, 
contrary to 14.41 In this section we will choose some divisor and some cyclic 
covering of X, depending on 7 and finally this construction will help to show 
that such a holomorphic map can not exist. 

t+i 

Bv 14. 3| d), we have for some I a morphism Oy — > f*£ u , surjective over 
U, and bv 14 .3[ e) the induced morphisms 

€+1 

are both surjective over V. By assumption one obtains embeddings 

V — ► P = F(fX u \v) — ► x U. 

The projection to extends to the morphism it : X —>■ F e , defined by the 
sections of the sheaf TC. For all hyperplanes H in F e one has 

C = O x (n*(H) + E). 

Let F e denote the dual projective space. For a hyperplane H C P^, we 
will write [H] G P^ for the corresponding point. For each u G U and for 
F u = the set of all [H] G IF with F U C\ H non-singular and not equal 

to F u is open. Let S u denote the complement. By jHj, XVII, 3.2, for general 
points u of (£ — l)-dimensional components of S u , the intersection F u R H will 
have just one ordinary double point of type A%, i.e. a singularity given locally 
analytic as the zero set of the equation x\ + . . . + x 2 n in C n . Hence the locus T u , 
consisting of hyperplanes H with F U C\H having other types of singularities or 
with F u C H, is of codimension at least two in P £ . 

As in j^j, XVII, 6.1 those properties can also be considered in families, and 
the corresponding sets depend algebraically on the parameter. In particular, 

S = {([#], u); F U C H or F u n H singular} 
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is a closed subset of IF x U. Let us choose a codimension 2 closed subscheme T 
of IF x U, contained in S such that S \ T is non-singular, of pure codimension 
one, and 

S \ T C {([if], u); F u H and F u n H has one double point of type Ai}. 

Given [if] G IF let Sh and T# be the intersection of {[if]} x U with 5 1 and T, 
respectively. 

Lemma 5.1. There exists some [if] G IF st/c/i i/iai T# n 7(C) = 0, suc/i 
i/iai S# meets 7(C) transver sally, and such that tt*(H) is non-singular and 
7f*{H) + E a normal crossing divisor. 

Here " Sh meets 7(C) transversally" means that for a local section a of Ou 
with zero set (S^md, the holomorphic function 7* (a) has zeros of order one. 

Proof. 7 : C — > U induces a holomorphic map 

7 : ¥ x C — >P f xf/. 

Since 7 is holomorphic, = 7 _1 (T) is a complex subspace of FxC. Let A^ 2 ^ 
be the complex subspace of 7 _1 (S') given locally by the following condition. 
Let <j be a local equation of S on IF x U. Then A^ 2 ^ is the analytic subspace 
of the zero set of 7*0", where the multiplicity of 7*0" is larger than or equal to 
two. We choose A = A^ U A( 2 ). 

By page 172, A has a decomposition 

a = Ua, 

in irreducible components. The index set I is countable, since each point pGC 
has a small neighborhood U (p) such that IF x U(p) meets only finitely many 
of those components. As usual, 

dim(A) = Max{dim(Aj); i G I}. 
Claim 5.2. dim(A) < £ - 1. 

Proof. If 7 is not an embedding of a small neighborhood of a point p G C, then 

x { P } n A (2) 

consists of all hyperplanes if passing through p, and its dimension is £ — 1. The 
set of those points is discrete. For all other points p and for all components 
A, of A^ 2 ) one has 

dim(P^ x {p} n A<) <£-2. 
In fact, let t/Qo) denote a sufficiently small neighborhood of p. A general 
[if] G P f does not pass through j(p), and for those who do, the intersection is 
transversal, except for all [if] in a codimension 2 subset of IF. 
If Aj is one of the components of A^ 1 ), then for all p G C 

dim(A, ; n ¥ x {p}) = dim(T nP^x {j(p)}) < £ - 2. 

In both cases, if Aj is a component of A with A, C r x {p}, we are done. 
Otherwise choose for j = 1, 2 two points pj G C with 

p* x {p 3 } n A, ^ 0. 
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Then P^x{pi}flAj is not dense in Aj. Obviously, the dimension of F e x {pijnAj 
is larger than or equal to dim(Aj) — 1, and by Ritt's lemma (0, page 102) 
both must be equal. Hence 

dim(Ai) = dim(P^ x { Pl } n Aj) + 1 < £ - 1. 

□ 

Claim 5.3. pri(A) does not contain an open analytic subset W C F e . 

Proof. We will show 15 .Hi by induction on £, just using l5~2"l but not the definition 
of W as a dual projective space. If £ = 1, the set pri(A) is countable. 

In general, if W C pr i(A) we choose a point p e C, such that none of the 
countably many components of A is contained in P x {p}. Moreover, for each 
% 6 /, we choose a point e pri(Aj). Let H ~ IP -1 be a hyperplane, passing 
through p but not containing any of the points Then, for each component 
Aj, the intersection Aj D if x C can not be dense in Aj and 

dim(Aj n# x C) < Z-l. 

Hence 

dim(A DHxC)<£-2 = dim(H) - 1, 

and since WdH is an open analytic subset of if, contained in pri(AC\H x C), 
this contradicts the induction hypotheses. □ 

Recall that we assumed that the global sections of £ generate the invertible 
subsheaf TC of £. In particular, 

H°{X,H) = H°{X,£") = H {F e ,O ¥ e{l)), 

and for [H] in some Zariski open subscheme Pq of IP the preimage 7r*(if) will 
be non-singular and tt*(H) + E a normal crossing divisor. By 15.31 we can find 
points [H] in Pq \pr 1 (A), and for all of them the properties asked for in 15.11 
hold true. □ 

From now on H is fixed, and we write T = B U Th and S for the closure 
of Sh in Y. We will not use anymore the fact that Tjj is of codimension one, 
and in the next step we will replace Y by a blow up with the centers partly 
contained in T H . 



Lemma 5.4. Assume that, contrary to \4-4\ there exists j : C — > U with a 



dense image. Then we may assume in addition to \4.3[ a), b), d) and e), that 
there exists a general section of £ u = ut v x iy <8> f*A(D)~ u with zero divisor 
H + E, and divisors S and T in Y such that: 

i) S fl U is dense in S and S + T and f*(S + T) are normal crossing 
divisors. 

ii) X — > Y and H —>■ Y are both smooth over Uq = Y \ (S U T). 

iii) The fibres of H —>■ Y over Yq = Y \ T are reduced with at most an 
ordinary double point. 

iv) 7 (C) HT = 0. 

v) H is non-singular, and f(E) is contained in B. 

vi) A is semi-ample, ample with respect to Yq, and D > B . 
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Proof. All this can be done by blowing up Y in centers not contained in 7(C) 
and replacing / : X — > Y by a desingularization of the pullback family. □ 

The section of C u with zero divisor H + E gives rise to a cyclic covering 
if)' : Z' — > X (see for example [H], Section 3). The condition 15. 4[ ii), implies 
that 

g:Z = if)'- 1 f- 1 (U )—+ U 
is smooth, hence it gives rise to a variation of Hodge structures V = R n gjCz - 

Lemma 5.5. The monodromy 0/V0 = R n g*^z around the components of S 
is finite. 

Proof. Here we will use the assumption, that the dimension n of the fibres of 
/ is even. 

A general curve C meets S transversally. Replacing C by some open subset, 
we can assume that for a given component Si of S 

cn(SuT) = cnSi = { P }. 

The restriction 

ipc ■ Z c = Z' x y C — y X c = X x Y C 

of the finite morphism if)' : Z' — > X is a cyclic covering of order u, totally 
ramified along He = H Xy C. By the definition of S and T, the fibre H p = 
HcC\F p has one singular point q, and we can choose locally analytic parameters 
t in a neighborhood of p G C and t, X\, . . . , x n in a neighborhood of q G X c 
such that He is the zero-set of Yli=i x \ + * near 9- Then locally near ip^iq) 
the covering Z c is given by the equation 

n 

^xl + t + z v . 

i=l 

So g~ l (p) has one isolated singularity, a double point of type A v _\. As well 
known (see [20 , p. 132, for example), in even dimension the local monodromy 
group of an A u _i singularity is finite, and as in |Hj or (201, P- 41, one obtains 
the same for the global monodromy. □ 

6. HlGGS BUNDLES 

Notations 6.1. In this section we assume that / : X — > Y satisfies the 
conditions stated in I4.4| except possibly that A is not ample, but only semi- 
ample and big. For the given holomorphic map 7 : C — > U we assume moreover 
the existence of the divisors S, T, H and E, satisfying the conditions in 15.41 

We define A = f*(T) and S = f*(S). Recall, that the original boundary 
divisor B is contained in T. So the non-reduced components of A or the 
components of A + E, mapping to codimension two subvarieties of Y, are all 
supported in f~ x B. 

Let 5 : X' — > X be a blowing up of X with centers in A + S such that 
H' + A' + £' is a normal crossing divisor, where A' = 5* A, E' = 5*S and 
where H' is the proper transform of H . For £ = ojx/y ® f*A(D)~ 1 , we write 
£' = S*C. For E' = S*(H + E)~ H' on finds C' u = O x >{H' + £'). 
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Let g : Z — ► U be the fibre space, considered at the end of the last section, 
obtained by restricting the cyclic covering ip' : Z' — > X, given by the divisor 
H + E in I5.41 We choose Z to be a desingularization of the normalization of 
the fibre product X' Xx Z'. Let us denote the induced morphisms by 



Y 



Y 



f 



X' 



Z' 



X. 



Finally we write II = g 1 (S' U T), and identify Z with Z \ II. 
In the sequel we will write T*(— log*) for the dual of S7j;(log •). 

By for all k > the local constant system R k g )f Cz gives rise to a local 
free sheaf on Y with the GauB-Manin connection 

V: V fc — + V t ®4(log(S + T)), 

where we assume that is the quasi-canonical extension of 

(R k gXz ) ®c 0y\(5uT), 

i.e. that the real part of the eigenvalues of the residues around the components 
of S + T lie in [0,1). 

By [23] Vfc carries a filtration T v by coherent subsheaves. If the monodromies 
around the components of 5* + T are not unipotent the T v are not necessarily 
subbundles. However this is the case outside of the singular locus of S + T. 
By abuse of notations, we will drop the assumption that Y is projective in 
the first part of this section, leave out a codimension two subscheme W and 
assume that /, /' and g are flat and that S + T is non-singular. 

So the induced graded sheaves E p,k ~ p are locally free, and they carry a Higgs 
structure with logarithmic poles along S + T. Let us denote it by 

(k k 
q=0 q=0 

As in we will consider a second system of sheaves related to Z and to the 
pair (X,H). We define 

F P ' Q = R q fl (6* (fi^ /y (log A) ) ® £' M) )/tor S ior, 

Here, for r\ — 0, . . . , v — 1, the invertible sheaves C'^~ n ' are defined as 



/(-»?) 







A'' 



V-{H' + E') 



C 



i-ii 



o 



X' 



rj-E' 



v 



As well-known (see for example (TUj, page 130) the bundles E p,q have a similar 
description: 

E™ = Wg^ z /Y (\ogIl). 



Let 



r P ,q ■ - 

0p,q : 



F*- 1 '"* 1 ® n\>{]ogT) and 
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be the edge morphisms of the tautological exact sequences 

(6.1.1) -> f*^(logT) ® <y*(^y(log A)) ® -> 

<r(0t(fi£(logA)))®£ /(_1) ^S*(n p x/Y (logA))®£ ,{ - 1) ^0, 

and 
(6.1.2) 

o - /^(io g (5+T))®^(io g n) - t(^(io g n)) - n p z/Y (\o g u) - o, 

respectively, where 

flt(^(log A)) = fiP (log A)//*fi* (logT) ® ^(log A), and 

r(^(io g n)) = n p z (\ogii)/g*n Y (\ogS + T) ®o^J(io g n). 

The Gaufi-Manin connection is the edge morphism of 

o - 5 *o^(io g (^+T))®^^(io g n) - t(^(io g n)) - ^ /y (io g n) - o, 

hence # Pi9 = 9 Ptq . 

Lemma 6.2. Let • stand either for Spec (C) orforY. Then the group TLjv acts 
on ^O^, (log(n + ip*H')) and on ip*fl p z u (log (II)). One /ias a decomposition 
in sheaves of eigenvectors 

^^ y .(log(n + pH')) ^ v .(log(A' + S' + H')) ® and 

?7=0 

v-l 

^.(logll) s ^ 7 .(log(A' + S')) © 0^ 7 .(log(A + £' + H')) ® £'<-»>, 

,7=1 

compatible with the tautological sequences. 

Proof. By jHj, 3.21 and 3.22, there are natural inclusions 

^ v .(log(A + £' + H')) — > fi p z/ .(log(n + ^)), 

and i2^V*^|/.(log(II + ip*H')) = 0, for p > 0. In fact, in jH] this is just stated 
for • = Spec(C), but the general case follows by induction, considering the 
tautological sequences. Since Z/V acts on ip*Oz with 

r)=0 

as decomposition in sheaves of eigenvectors, one obtains the first decomposition 
in 16.21 H' is totally ramified in Z. Hence there is an exact sequence 

o - ^^/.(io g n) - ^^/.(iog(n + ph')) - ^.(logCA' + £')k) 

and the two sheaves on the right hand side differ only in the Z/V invariant 
part. □ 
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Lemma 6.3. Using the notations introduced above, let 

L-.SfyQogT) ->4(log(5 + r)) 

be the natural inclusion. Then there exist morphisms p Piq : F p ' q — > E p ' q such 
that: 

i) The diagram 

E P,g Jl±^ EP- l >i +l ®VL l Y (\og(S + T)) 

Pp,q pp-l, 9 +l®t 

F P, q F P-i, q +i n^(logT). 

commutes. 

ii) There is an invertible sheaf A, semi-ample and ample with respect to 
Y \ T, an effective divisor D' , and an injection A(D') — > F n, °, which 
is an isomorphism over Y \ T. 

iii) r n fl induces a morphism 

r v : T y (-logT) = (^(logT)) v — - F n '° V ® F 71 " 1 ' 1 , 
which coincides over Y \ (S U T) with the Kodaira- Spencer map 
TV(-logT) — i?7*T x/y (-logA). 

In particular this morphism is injective. 

iv) T/ie morphisms p n -m,m are injective, for all m. 




is a Higgs bundle with logarithmic poles along S+T, induced by a varia- 
tion of Hodge structures with finite monodromy around the components 
ofS. 

Remark 6.4. Instead of 16.31 iii) and iv) we will use later just the injectivity 
of r v and of p n -m,m for m — and m = 1. 



Proof. The proof is similar to the proof of 3.2 in 32J. It is well-known, that 
the bundle in v) is the Higgs bundle for the variation of Hodge structures on 
R n g*Cz - The condition on the monodromy follows from 15.51 Bv l6.2l the sheaf 

R q f „(^, /y (log(tf' + A' + E')) ® C' { - 1] ) 
is a direct factor of E p,q . The morphism p Pi5 is induced by the natural inclusions 
(6.4.1) 5*Q x/Y (\og A) - <T^ /y (log(A + £)) 

- J2* , /y (log(A' + £')) - W x , /Y Qog(H' + A' + £'))■ 
Over Y \ (S U T) the kernel of p n - m ,m is a quotient of the sheaf 

R m -\f\H>)^w7y X ® £~%<). 

Since the relative dimension of H' over K is n — 1 and since C is fibrewise 
ample, the latter is zero by the Akizuki-Kodaira-Nakano vanishing theorem. 
So p n ~m,m is injective, as claimed in iv). 
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The injective morphism in (|6.4.1|) also exist for Y replaced by Spec(C), and 
the exact sequence (j6.1.1j) is a subsequence of 

(6.4.2) -> /'*O y (log(S + T)) ® n^/VClogC^' + A + £)) ® -> 

0t(^,(log(#' + A + £))) <g> -> J% , /y (\og(H' + A + £)) <g> -> 0. 

Finally by 16.21 this sequence is obtained by taking the sheaves of eigenvectors 
in the direct image of the exact sequence (j6.1.2j) under ip : Z — > X' . One 
obtains i). 

By definition F n '° = fl(5*{Vt n x/Y (\og A)) ® Comparing the first 

Chern classes for the tautological sequence for / one finds 

F n >° = fi(5*(u x/Y (A Ied - A)) ® 

Recall that / is smooth over F \ -B, for the divisor B considered in 14.31 c). 
Hence 

f*B > -A rcd + A 

and n x/Y (\og A) contains u x /Y(-f*B). Moreover, bvlOl c). D' = D — B is 
effective. By definition, £ = u x /y ® f*A(D' + fi)" 1 , and 

Therefore <T(fi" /y (log A)) ® contains uo x/Y (-f*B) ® hence the 

sheaf 

/' V(£>')) ® Ox' 

and ii) holds true. For iii), recall that over V \ {S U T) the sheaf C'^ l) is 
nothing but 

Since R^S^Ox' = 0, by the projection formula the morphism 

(t„ )0 ® id^(D , )- 1 )|y\(s , uT) 
is the restriction of the edge morphism of the short exact sequence 

Since /|y is smooth with n-dimensional fibres, the sheaf on the right hand side 
is Oy and the one on the left hand side is f*fi}j <8> T v /u- Tensoring with 

rT U =nn r u - i ®uu i ) 

and dividing by the kernel of the wedge product 

on the left hand side, one obtains an exact sequence 

(6.4.3) — > Tvju — * Q — * f*Tu — ^ 0, 

where Q is a quotient of qx(VL v ) ®cjy _1 ® . By definition, the restriction 

to y \ (S U T) of the morphism considered in iii) is the first edge morphism in 
the long exact sequence, obtained by applying R*f* to (|6.4.3|) . 
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The wedge product induces a morphism 

Since r = dim({7) this morphism factors through Hence the exact sequence 
()6.4.3|) is isomorphic to the tautological sequence 

(6.4.4) — > r y/c/ — > T y — > /*2b — ^ 0. 

The edge morphism Tjj — > R 1 f*Tv/u of ()6.4.4|) is the Kodaira-Spencer map. 
Since we assumed U to be generically finite over the moduli space, this mor- 
phism is injective. □ 

Let us return to the case "Y projective". We will choose for E p,q and F p,q 
the maximal coherent extension of the sheaves defined above outside of a codi- 
mension two subvariety of Y. Of course, the morphisms 9 P) g, t va and p p>q 
extend, and the properties i) - v) in 16. 31 remain true. 

By |2E], page 12, 6 A 6 = hence the image of the composite 

<? 

n - q+ i, q -i o ■ • • o 9 n>0 : £">° — E n ~ q ' q ® (g) ^(log(S + T)) 
factors through 

By 16.31 ii) ^(Z/) is a subsheaf of -F n, ° and hence of E n '°, and one obtains a 
morphism 

A(D') — * ® S^(logT) ® S^(logT) 

cm / . \ 

^4 E n -™ ® S^(log(S + T)), 

and thereby a morphism 

r /<? : S 9 (T y (-logT)) — >■ E n ~ q,q ® ^(D') -1 . 

The pullback of r /<? , via 7 : C — > Y\T — > Y, composed with the g-th tensor 
power of the differential of 7 

d^:Tl— ► 7 *(S*Ty(-logT)) 

gives 

f 9 : — ► 7 * ® ^p')" 1 )- 

We choose 

m = Min{g e N; f 9+1 (T 9+1 ) = 0} 

and put r = r /m and f = f m . 
The morphism r' 1 factors like 

T Y (- logT) — * F"- 1 ' 1 <g> ^(D')" 1 £ ,n " 1,1 <8> ^(D') -1 - 

By 16.31 iii) the first of those morphisms is injective, and bv 16.31 iv) the second 
one as well. Therefore r' 1 is injective. Since we assumed 7(C) to be dense, the 
pullback of an injective morphism of sheaves under 7 remains injective. Hence 
f 1 is injective, and m > 0. 

Altogether, starting from the morphism in 14.41 and from a holomorphic map 
7 : C — > U with dense image, we constructed divisors S and T with the 
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properties stated in I5.4[ and we constructed Higgs bundles which satisfy the 
properties a) - d) given below. 

Lemma 6.5. For some m > there exist an invertible sheaf A, an effective 
divisor D' and a morphism of sheaves 

r : S rn T Y {-\ogT) — ► E n ~ m ' m ® A(D')- 1 — ► E n - m ' m ®A~\ 

such that the composite 

f=fro d 7 m : 1™ — ► 7 *(S m T y (- logT)) — » y g, ^-i) 

satisfies: 

a) f is injective. 

b) f(T^) C AT® 7 *(^- 1 ) 
/or a sub-linebundle M of 

Ker( 7 *(0 n _ m , m ) : 7 *(i^-) — 7 * n i (i og7 -i(£))). 

c) 



\p+q=n 

is the Higgs bundle, corresponding to the quasi-canonical extension V 
of V ®c CV\(sut) /or a geometric variation of Hodge structures V 0; 
wift finite monodromies around the components of S. 

d) 7(C) does not meet T. 

e) A is ample. 

At the end of the next section we will show, that those properties lead to 
a contradiction to the Ahlfors-Schwarz lemma. Hence the holomorphic map 7 
can not exist. 

Proof. All properties hold true, for the Higgs bundles constructed above, with 
A semi-ample and big. Choose some rj > such that A v contains an ample 
invertible sheaf A', and consider the Higgs bundles 

(£', 6') = (E® v , 6') and (F', r') = (F^, r'). 

Again we first consider them on Y — W, where W is the singular locus of S U T 
and then we take the maximal extension to Y. By [26J, page 70, the morphism 

g> ■ E m — > E m n Y (hg(S + T)) 

is given by 

0' = e ® id B <g> • • • ® \& E + id E ® 9 <g> • • • ® id E H h id B ® • • • <g> id^ ® 0, 

and similarly for F 1 and r'. The decomposition as a direct sum is 

E'™ and 

p+q=k p+q=k 

with 



= 0(g) E p ^ and F /p ' 9 = F Pi 



Oi,qi 

i=l i=l 
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where the direct sums are taken over all p\, . . . , p n , q%, . . . , q v with 

T) V 

^2p t =p } and ^2q i = q. 
i=i i=i 
Again we have morphisms 

i=l 

compatible with 9' and r' . In particular p' is the 77-th tensor product of 
p n ,o, hence injective. The same holds true for p' nr] _ x ^ which is the direct sum 
of morphisms of the form 

The properties i) and v) in 16.31 remain true, with F and F replaced by E' and 
F', for nrj instead of n in v). In ii) one has an injection 

4' — > A{D'f — > F' nr,fi = (F n '°f v - 

The morphism 

r' nvfl : F n ' om (F"- 1 ' 1 © F n '° © • - • © F n '° © F n '° © F n_1,1 © - • • © F™'°© 

... © F n '° © F n '° © ••■ © F"- 1 ' 1 ) © fi^logT) 
is a direct sum of morphisms of the form 

idpn,o © ... © 9 Ui o © • ■ ■ © id^n.o, 
hence it induces the diagonal morphism 

©r v : T Y (- log T) — + F' nr? '° V © F'"" 1 ' 1 = 0F"'° V © F" -1,1 . 

In particular the injectivity of the morphisms in 16.31 iii), carries over. 

As remarked in 16 .41 the injectivity of ©r v , p' and of p' nri _i i is sufficient to 
perform the constructions with E' and F' instead of E and F, and to obtain 
some m > and the morphisms r and f satisfying the properties a) and b), 
with A replaced by A v . The latter contains the ample sheaf A', hence e) holds 
true. 

Finally the Higgs bundle (E', 9') comes from the locally free extension V = 
\>m Q f y® 1 ! (g) C Oy\(suT)- The eigenvalues of the residues of the induced con- 
nection lie in M> , hence V is contained in the quasi-canonical extension V". 
Replacing V' by V", we enlarge the sheaves E' p ' 9 , which is allowed without 
changing the properties a) and b). □ 

7. Curvature estimates and the Ahlfors-Schwarz lemma 

Let T be the normal crossing divisor in 16.51 and let T = Ylt=i T% be its 
decomposition in irreducible components. Let s« be the section of Li = OyiTi) 
with zero set Tj. We choose a hermitian metric gi on and define 

ri = — log 1 1 I \ 2 g . and r — r% re. 

Given any constant c > 1, by rescaling the sections s$, i.e. by replacing by 
e • Si, for e sufficiently small, one may assume that > c. 
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On the ample invertible linebundle A in 16.51 we choose a metric g such that 
the curvature form Q(A,g) is positive definite. For a positive integer a we 
define a new metric g a = g ■ r a on .4|k\t- 

Recall that a hermitian form uo a on Ty(— log T) is continuous and posi- 
tive definite, if each point in Y has a neighborhood {7 with local coordinates 
zi, . . . , z n , such that T C\U is the zero set of z\ Zk and such that, writing 

Li = "■ = L k = l and L k+ i = ■ ■ ■ L n = 0, 



l<ij'<n 1 

for a continuous and positive definite hermitian matrix (a^)i<ij< n . 

Lemma 7.1. Reseating the s^, if necessary, there exists a continuous and 
positive definite hermitian form uj a on Ty(— log T) with 

r 2 Q(A\ Y \T,ga) > UJ a . 

Proof. We recall the formula for the curvature calculation of a linebundle with 
a metric (£,g) (see for example [7j, 7.1). Let 

C\u ~ U x C 

be a local trivialization of £ and let be a holomorphic section of C\u, which 
does not vanish in any point of U. Then Sjj corresponds to a holomorphic 
function hjj on U, and the metric g is given by 

\\s u \\ 2 = \hu\ 2 e-t 



The curvature Q(C,g) is given by 

Applying this formula (see also |2T] . proof of 3.1), one finds 

0(A^) = 0(A,gr a ) = Q(A, ge-(- al °^) = 0(A,g) - ^Ehddlogr 

Ztt 

= Q(A, g)-J2 \^9d logr, = Q(A, g)-J2 ^=^0— 

i=l i=l l 



= e {A ,g)-j:—— + — — 

1=1 1 

Rescaling the sections Sj one can assume that the r, are larger than a large 
constant c > 1, hence that 



e(A, g)-^u a : = 



is a continuous and positive definite (l,l)-form on Y. Moreover 

^ , , , , \/— la <9r i A (9r j , \/— Ta ^ r i A ^ r i 

eA&=^ + Ei V- 1 ^ + ^o— S 2 • 

1=1 * 1=1 
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The (1,1) form 

/ — i~„ e 

dr,i A dti 



2tt 

is clearly positive semi-definite on Y \ T. 

Claim 7.2. Assume again that T n Z7 is the zero set of zi for local 

coordinates Zi, . . . , z n on U. Then in a small neighborhood of T l~l £7 the form 

_„ 

i=i 

is positive definite on the subspace of Ty(— \ogT)\u spanned by 

{zid Zl , . . . , z k d Zk }. 
Proof. Near Tj the section Sj can be expressed as 

where U a local basis of Li and where fi is a positive Function. So, 

Ti = - log || Si | |* = - log - log - log 



Zi fi jr[ dz 



■31 

3 



and 



So the leading term in 



near T D C/ is 



= dz* 1 ^ 9/j 



— la 

5rj A 9rj 



2tt 



— fc _ 
la v-^ ^ <fe 

E— A 



□ 



27T <f-f 2i Zi 

1=1 

Obviously this form is positive definite on the subspace spanned by 

{zid Zl , . . . , z k d Zk ). 

Since we assumed that r > 1, 



i=l »=1 

ByOthe (1,1) form 

V— la v-^ _ ^ 

w tt = ^ a H o } dnA 

i=l 

is continuous and positive definite on Ty(— log T). □ 
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2!) 



Let 7 : C — > Y \ T be the holomorphic map with Zariski dense image, 
considered in 16.51 and let t be the global coordinate on C. We take the ample 
bundle A on Y with the metric g a on Y \ T and the hermitian metric uo a on 
Ty(— log T) from lemma mi Writing again 

:T C ^ 7*T y (-logT) 

for the differential, one finds 

1 *u a = V^T\\d 1 (d t )\\ 2 riv JtAdi, 

and 17.11 implies: 

Corollary 7.3. i*r 2 Q(A\ Y \ T , g a ) > \/-T| \d"f(d t ) \ Ij-^dt A di. 

Let us return to the morphism of sheaves in 16.51 

r : S rn T Y {- logT) — ► E n ~ m ' m ® E n ~ m ' m ® 

f := 7 *r o (d 7 ) m : T™ — ► 7 *S m T y (- logT) T *(£»-™>™ g, ^-1). 

By 16.51 c) E n ~ m ' m is a sub quotient of the quasi-canonical extension of a 
geometric variation of Hodge structures Vo on Y \ S U T. By Kawamata's 
construction (see [3T], 2.5) one finds a finite morphism 7r : Y' — > K with y 
non-singular and S" + T" = 7r*(S' + T) a normal crossing divisors such that the 
local monodromies of the pullback 7r*Vo around S' + T' are unipotent. For the 
discriminant A(Y'/Y) of tt : Y' — > Y both, 

A(yyy) + 5 + r and n*(A(Y'/Y) + s + T) 

are normal crossing divisors. Moreover, for a component Tj of S + T there 
exists some /i, with 

7r*Tj = m • (7r*Tj) red . 

Since we assumed the local monodromy of Vo around the components of S to 
be of finite order, the local monodromy of tt*Nq around the components of S' = 
tt* (S) is trivial, hence tt* V extends to a variation of Hodge structures V across 
S'. Let h and h! denote the Hodge metrics on V and V , respectively. We use 
the same notation for the induced metric on the Higgs bundles E p ' q and 
® E' p ' q , where the latter is given by sub quotients of the canonical extension 
of Vq across T' = tt*T. We have an inclusion of sheaves 

l : (TT*E n - m > m , TT*h) ^ (E' n ~ m ' m ,ti), 

such that TT*(h) = L*(ti) on Y'\3'U T. 

Consider the diagram of morphisms of analytic spaces 

C — ''-^ Y' 

(7-3.1) 



where C is obtained as a normalization of the fibre product. Hence if U C C 
is a sufficiently small neighborhood of t 6 7 ~ 1 (5'), then for each t' G 7r /_1 (t ) 
there exists a connected component U' C 7r' — 1 (f7) and a coordinate function 
t' on U', for which the map tt' :[/'—> U is given by 

(7.3.2) t-t = ir'(t) = (t'-t' Y°, for some fi G N - {0}. 
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By 16.51 b), t(Tq) is contained in an invertible linebundle Af ® 'j* (A' 1 ) , where 
J\f is a sub-linebundel of the kernel of 7*(6 , n „ mjm ). If 

n' wn— m,m m/n— m— l,m+l _ n l f\ */Tn\\ 

e n-m,m - E * E ® fi y ,(log7T (T)) 

denotes the Higgs structure on Y', we have a commutative diagram 

/* j-i/n—m,m ' ^ n—m,ml /if j-i/n— m— l,m+l ^ nl /l „ o/\ 

7 -£/ > 7 -B (g) iZc/(log6 ) 

7'*(t) C 7'*(t)ig)7r'* 
7 ,* n * E n-m, m 7"*r»(fl„- m ,„0 y* 7r *_ Bn _ m _i, m+ l g, ^.ftl ( log . 

So i induces an inclusion 

7r'*ker(7*(# n _ m;m )) -^-> ker(y*(^_ mm )), 
hence there exists a sub- linebundle 

Ar'cker( 7 '*(C- m , m )) 

with 

(7.3.3) 7r'*f(T™) C tt'*(AT) ® 7'V-O C JV 7 ® 7 / *(tt*^- 1 ). 

As in [32], 11, using &' n - mm {Af') = and P. Griffith's estimates for the curva- 
ture of the Hodge metric (|HI|, chapter II) one obtains: 

Lemma 7.4. The curvature Q(Af', h'\j^i) of the restricted Hodge metric onM 1 
is negative semi-definite on Y'\T' . 

The Hodge metric h defines a metric h (g> g~ l on E n ~ m ' m ® A~ 1 \y\s\jt- By 
16.51 a), f ^ and since 7(C) is Zariski dense in Y we may define a non-zero 
positive semi-definite Kahler form y/^lc(t)dt A di on C \ 7~ 1 (S') by choosing 

cw = iinwnii-^,. 

Lemma 7.5. Lei /1 denote the lowest common multiple of all the ramification 
orders of components ofir*(S) over Y . Then there exists an effective divisor 
n on C (i.e. a locally finite sum ^2/3iPi with Pi > 0) and a linebundle Af^ 
on C with 

f{T™y ® e> c (n) = a/" m ® and it'*N w = at" 1 . 

Proof. By (TT3~3l) %'*f(T™) is a subsheaf of W ® ^{^A' 1 ). Using the de- 
scription of 7r' in (|7.3.2|) . we choose for a given point t' Q G 7r' -1 7 -1 ( i S') a small 
neighborhood U' and some peM with 

7r'*f (TTV (g) • Q = N' ® y^TrU- 1 )!^. 

The number — is determined by the monodromy of Vo around the component 

of S containing 7(^0), hence it is independent of the point t' G 7r /_1 (t ). Since 
the ramification order /i in (|7.3.2|) divides /x we may choose n to be the 
effective divisor with U\u = — ■ tn and 

Af^ = f{T^Y ® o c (n) ® 7*^ M - 

□ 
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Outside of tt'*U the metrics , ~f'*h' fl and 7r'*7*/i At on A/"' M coincide, hence 7*/i M 
extends to a metric on J\f^ and 



c(t) = \\f((d t r) 



2 

fj, I I m-fx 



In particular V - lc(t)dt A (it defines a semi-definite Kahler form on C. The 
induced metric F is a singular metric in the sense described in [7J, 7.1, or 
|22j, Section 2. The curvature current of Tc is then defined to be the closed 
(l,l)-current 

Q(T c ,F) = -y^dd\ogc(t). 

Lemma 7.6. There exists some e' > with 

-e{T c ,F)>^Q{A\y\T,ga) 
in the sense of currents. 

Proof. Let [II] denote the current of integration over the divisor II. As in 
proof of 7.2, one defines a singular metric \s\ 2 on sections of (9c(II) by taking 
the square of the modulus of s viewed as a complex valued function. By the 
Lelong-Poincare equation [II] is the curvature current of this metric. One finds 

e(T^,F m -») +7*e(^|y\ T ,^) + [n] = ©(a/^U w ). 

By [22], section 2, the curvature current of a singular metric on a holomorphic 
linebundle on a complex manifold is compatible with pullback under holomor- 
phic maps. Hence 

By 17.41 the latter is negative semi-definite, hence 0(jV^, h^) < 0. Moreover, 
[II] > in the sense of currents, hence 

-0(T c ,F) = —Q(^,F^) > -YO(A\ Y \ T ,g a ). 

m ■ jj, m 

□ 

Lemma 7.7. For a ^> 1 there exists some e > with 

Y<d(A\ Y \T,9a) > ev^lc(t)dt A di. 

Proof. We will use the notations from 17.51 in particular the metric h^' on 
Af^). Recall that 

c (t) = \\f^d t ) m y\\t~» 



and that by 17.31 for all a > 



1*e(A\ Y \T,9a) > V^l^r-'Wd^W^JtAdi. 

Hence in order to show 17171 it remains to verify that for a ^> 1, there exists 
some e > with 



2 



(7.7.1) 7*r-1|d7(ft)ll^ >^*^iir((WH^ 0rg - 

l ft(M)igi7*g c , 



e||f((^) m ^ l|m ' M 
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Given a point p G Y choose a small polydisk U with coordinates Zi, . . . , z n , in 
such a way that the divisors T D U and S D U are defined by the equation 

zi z k = and z k+ i z k+k , = 0. 

Let 7r : y' — > Y be the cover ramified along S 1 + T which we considered 
in ()7.3.1|) . Choosing U small enough, we may assume that the connected 
component U' C it~ l {U) are polydisks with coordinates {wi, . . . ,w n }, and 
that Ti is defined by 

n(w 1 ,...,w n ) = (zf,...,^™). 

Hence for 5" = 7r*(5') r . e rf, and T' = 7i*(T) red , the restrictions to U' are the zero 
sets of 

wi w k and w k +\ w k+k >, 

respectively. 

Consider as above the Higgs bundle ® E' p,q obtained from the canonical 
extension of Vq along T', and let {e[, e' 2 , . . .} be a basis for E' n ~ m ' m \ur . 

Claim 7.8. For U and U' sufficiently small, there exist some /3' 3> 1 and a 
real number c > with 

h'ie^w), e' 3 {w)) < c((- log \w x \) ■ (-log |w 2 |) (- log KDf', 

for all io = (wi, . . . , w n ) £ U' \ T'. 

Proof. By jlj, 5.21, U' Q = U' \ T' can be decomposed into 

Uo = \JU'l K , 

where the open subset Uq k depends on the index of the filtration of the mixed 
Hodge structure (see Section 5.7 of 4]), and such that 

h'ie^w), e'M) ~ (- log \ Wl \) h / 2 ■ (- log \w 2 \f^' 2 (-log \w k \f^-^\ 

for all w G U'q K , where (Ji, l 2 , . . . , l k ) is the multi index of the weight filtration 
of the mixed Hodge structure. Since this index set is finite, there exist some 
f3' 3> 1 and some c > such that 

h'ie^w), e^W) < c((- log | Wl |) ■ (- log \w 2 \) (- log \w k \)f , 

for all w G C/'q ^ and for all J. Hence 

h'(^(w)^(w)) < c((-log| Wl |) ■ (-log|w 2 |) (-logKI))^', 

for all w G U' \ T'. By the Cauchy-Schwarz inequality we obtain 

ti(e[(w), e; W) < c((- log \ Wl \) ■ (-log K|) (- log K|)f, 

for all weU'\T'. □ 

K is compact, hence there is a finite covering {U} of Y such that for all U 
and each of the finitely many connected components U' of 7r -1 (r/). 17.81 holds 
true. We may even assume, that 17.81 remains true, for the same for all point 
in a small neighborhood of the closure U', not lying on T' . 

We choose some a>l such that for all the open sets U' and for the constant 
(3' given by 17. 81 one has 

a > (3' + 2m. 
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In order to prove (|7.7.1|) it is sufficient to show that on each U' there is some 

e > with 

(7.8.1) 

Let us return to the diagram (j7.3.1|) . As in the beginning of this section, for 
each component Tj of T we consider Li = Oy{Ti) with the hermitian metric 
gi, and ir*Li with the pullback metric 7T*gi. Let Sj be a section of Ci with zero 
locus Tj, where we assume that s« has been rescaled as needed in 17.31 for the 
constant a, chosen above. 

For the section si = n*Sj define 



4 = ~ log |K 



1 1 1 TT*gi 



and r' = r[ r' e . Obviously one has r- = 7r*rj and r' = ir*r. 

Proof of the inequality ()7.8.1|) . Let {0i,02, • • •} be an orthonormal basis for 
Ty(— log T)\u, with respect to u a . Then 

® • • • <8> 0i m ; H < • • • < i m } 
is an orthonormal basis for 5' m Ty(— logT)|{/ with respect to u a and 

{7*(0n <8> • • • ® 0i m ); n < ■ ■ ■ < i m } 

is an orthonormal basis for r y*S m T Y (— logT)| 7 -if/ with respect to 7*u; Q ,. Then, 
using the morphisms in (j7.3.1j) . 

{7'*vr*(0 il ® • • • <g> im ); i x < • • • < i m } 

is an orthonormal basis for 7 / *7r*S" n Ty(— logT^y-i^, with respect to r j'*TX*uo a . 
For the map 

(7.8.2) rf 7 m : T c m | 7 - 1(l/) - 7*(5""T y (-logT)| c/ ) ) 

write 

d 7 m ((9 i ) m | 7 - 1(l /)) = £ c n ,..., im7 *(0n ® • • " ® 

Then 

Hd7(9 t )i 7 - 1(C /)ii 7 ^ = (Ei c -.-.-i 2 ) 1/m - 

Let 

vr'> m : vr'*T c m | 7 - 1({/) - 7r'* 7 *(5 m T y (- logT)^) 

be the pullback of the morphism ()7.8.2j) . By the commutativity of (|7.3.1j) one 
obtains 

^drmDly^u) = £ ^*(cn,.., m )7'V*(0 n ® • • • ® <P lm ) 

and 

IK*y(ft)| y -i^||^ = E^I^.-.-l 2 ) 1/m - 

Next we consider the second map 

7*r : 7*(£™T y (-logT)| [7 ) - 7 *(E n - m ' m ® A~ l \u) 
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and its pullback 
7r'*7*r : i*-K*{S m T Y {-\ogT)\u) ^ i*Ti*{E n - m ^ ® A' 1 



u, 



I* i T-i/n— m,m _ * A— 1| \ 
^ 7 (£/ ® 7T .A |[//J. 

For the connected component U' of 7r^ 1 (f/) let a'" 1 be a local generator of 
TrVt" 1 ^'- Th en {ejgo'" 1 , e' 2 <g> a' -1 , . . .} is a basis of E' n ~ m ' m ® Tr*^- 1 ^,-^ 
and the morphism 

ttV : Tr^Tyt-logTV -> £' n ~ m ' m ®7rVrV 

is given by 

7r*r(7r*(0 n (g) • • • ® &J) = K,-,i m e 'i ® a '" 1 

and one finds 

Tr'Yr^^riy-^')) = ^^(^'/'(CJ'/'W®-'' 1 )- 
Since the metric 7r*g~ 1 on ^.A -1 is regular on [/' the claim 17131 implies that 

\i\h' ® ttV^CW, ® a'- 1 ), y*( e ;. ® a'" 1 ))! 

< c7 / *((-log|wi|) • (-logl^l) • ... • (-log\w k \)f. 

Here and later we allow ourselves to replace the constant c by some larger 
constant, whenever it is needed. 

For the ramification order \Xi of tt over Tj, and for some positive function d{ 
on U' one has 



\wA = dj\ \s'^ 



i_ 

H I II 
i \U'\ W*gi- 



This description extends to the compactification U' of U'. Since U' is compact, 
dj is bounded away from zero, and one finds 

|7 (h ® 7r <? )(7 (e i ® a ),7 (e- ® a ))| <q r =cff 7 r. 

On the compact set U' all & im are bounded above. Hence, all 7'* (&? ...j m ) 
also are bounded above, and the Cauchy-Schwarz inequality implies 

(7.8.3) ll^fCW")!^^!^^, < cvr'V^X^I^.-^l 2 

= ^7*^11^(^)^)11^. 

Since we assumed r > 1 and a — 2m > /3', the right hand side in ()7.8.3|) is 
smaller than 

c7r'*7V«- 2m ||vr'^7(^)| y - 1(c/0 ||^, 
hence, we obtain the inequality 

as stated in (|71TT]l . □ 

Proof of \4-4\ K remains to contradict the existence of the ample sheaf A 
and of the Higgs bundles having the properties stated in 16.51 Those led to the 
estimates in this section. 

Recall the Ahlfors-Schwarz-Lemma, as stated in 1.1.1 in |2Zj (see also lemma 
3.2 in 0): 
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Lemma 7.9. Let c be a realvalued nonnegative function on C which locally is 
of the form (f\f\ 2 , where if is a local smooth positive function and f is a local 
holomorphic function. Then there can not exists any positive number p such 
that 

d t dt\ogc(t) > p ■ c(t) 
on C in the sense of currents. 

Using the inequalities obtained in 17.61 and 17.71 one has for suitable constants 
e and e' 

y/ ^-d t d- t \ogc{t)dt Adi= ^f^dd\ogc(t) = -0(T c ,F) 



2tt ° w 2tt 

> e-f*e{A Y \ T , g a )>e- e'yf-lc(t)dt A di 

in the sense of currents. Hence 

d t dtlog c(t) > 2ir ■ e ■ e' ■ c(t), 
contradicting Lemma f7. 91 □ 
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